It is shown that some assumptions about the concentration behaviour of free photons in an entangled multi-photon quantum state, published in recent literature, were too optimistic. This is of fundamental interest and adversely affects the performance of quantum lithography schemes.
Introduction
It is well known that the de Broglie wavelength of molecules scales with their inverse mass and is thus shorter than that of single atoms in the molecule [1] . Interestingly, the same logic holds for multi-photon states if tricks are used to channel the photons so that they stay together [2] or post-select the experimental outcomes such that only the cases where photons stayed together are registered [3] [4] [5] [6] . When a molecule passing an interferometer arrives in the detection plane all atoms arrive together in a tiny spot because they are bound together. For photons the same result holds if binding is provided by a suitable non-linearity [7] . But how about the free space case; can we use quantum entanglement to stick photons together such that they arrive in a small sub-volume much smaller than their associated mode volume prescribes?
This question is of fundamental interest, but also relates to practical issues since it should have an impact on the efficiency of multi-photon detection processes, particularly regarding the recent quantum lithography proposals [8] [9] [10] [11] .
In quantum lithography, multi-photon interference allows us to write structures with much less than wavelength size (i.e., resolution greatly exceeding the Rayleigh limit [8] [9] [10] [11] ).
Quantum states containing N bosons, even if they are unbound, as are photons in free space, can yield an N -fold reduction of the observed de Broglie wavelength when compared to a single particle pattern [2] [3] [4] [5] [6] . Consequently, N -photon quantum lithography holds the potential to reduce the wavelength to λ/N , thereby increasing lithographic resolution in linear arrangements by a factor N and in planar arrangements by a factor N 2 [8] [9] [10] [11] . Quantum lithography requires the use of special N -particle quantum states and coherent N -particle detection processes that absorb all N particles of the designed state in one point [8] [9] [10] [11] . A photoresist material featuring N -photon absorption processes remains to be developed for this purpose. In principle, quantum lithography using N -photon quantum states shows excellent behaviour of the associated exposure mean values δ N with pattern visibility of 100% for arbitrary patterns [9, 11] .
The quantum lithography idea hinges on suitable N -photon absorption processes to filter out the desired signal [8] [9] [10] [11] and requires all of the N participating photons to arrive at the same absorber location. In the publications that deal with quantum lithography this photon concentration requirement was not considered in very great detail since a suitable N -photon absorbing resist only reacts when this requirement is met and thus filters out all undesired cases. Moreover it was argued in [8] (I stands for intensity):
'[· · ·] that the photons are correlated in space and time, as well as number. Hence, if the optical system is aligned properly, the probability of the first photon arriving in a small absorptive volume of space-time is proportional to I . However, the remaining N − 1 photons are constrained to arrive at the same place at the same time, and so each of their arrival probabilities is a constant, independent of I . The goal of the present paper is to show that such a spatial constraint does not exist in the strong form suggested by this citation. We will find that photons occupying a mode volume described by two interfering modes C † and D † arrive quite independently across the mode cross section; it is not true that the first arriving photon greatly constrains the arrival location of the following ones. This finding is quite important. If the photons arrive unconstrained, the filtering process will still work, but very few photons will be absorbed in one point since they typically arrive far apart. Clearly this will make it much harder to implement multi-photon absorption schemes such as quantum lithography because the absorption rates are low.
The geometrical setup
Let us assume a photoresist material featuring N -photon absorption processes were available. For the description of an associated absorption process on a flat screen let us follow the conventions of [8] and introduce the bosonic creation operator for a photonê † obeying the standard commutation relation [ê,ê † ] = 1. To investigate the absorption behaviour we express the bosonic creation operator's dependence on the lateral screen coordinate x in terms of incoming wavemodesĈ †
The respective phase factors are chosen such that at the screen centre x = 0 the relative phase between modesĈ † andD † is zero and when we move away from the centre the relative phase is φ = 2kx with the effective wavenumber k = 2π sin(θ )/λ, where θ is the angle of incidence forĈ † andD † ; compare figure 1.
The coherent N -photon absorption process is then modelled by the dosage operator [8] 
Note that, by construction, the N -photon dosage patterns
are periodic in x with spatial period κ/2 = λ/(2 sin θ) [9] ; we will therefore only discuss the behaviour for a unit cell of dimension κ/2 × κ/2. Also, the case of one-dimensional pattern formation treated here is a sufficiently general case since references [9, 11] show that two-dimensional pattern formation should use factorized states modulated in the two transversal screen directions x and y, respectively. Therefore our discussion of the one-dimensional case carries over to two dimensions.
Spatial N -photon concentration
Note that the arrival probability of the first photon follows the classical intensity distribution I (x) = δ 1 (x) . If the 'remaining N − 1 photons are constrained to arrive at the same place' [8] , we should find that δ 1 (x) ∝ δ N (x) and hence δ N (x) ∝ I (x). Quantum lithography would not yield any enhanced resolution at all! But such a constraint is not present, as our counterexamples show. First let us use the number entangled state of [8] :
With K < N we find δ K (x) = const, whereas δ N (x) ∝ 1 + cos(N φ) = 1 + cos(N 2kx) clearly shows the desired multi-photon periodicity factor N in the argument of the interference pattern [8] ; hence δ N (x) ∝ I (x). So, quantum entanglement does not tie the photons together; but how much can the photons scatter?
To answer this question, let us secondly consider a state which is in some sense the opposite of the number-entangled state: it is the inverse reciprocal binomial state which yields the most concentrated N -photon absorption spotsizes [9] and has the form
with the normalization constant N = N n=0 n!(N − n)!. In [9, 11] it was suggested to use reciprocal binomial states as the universal building blocks for one-and two-dimensional quantum lithography. Upon being shifted around using the relative phase φ, they provide convenient building blocks for the construction of very detailed patterns [9] . Their spotsize extension is κ/(2N ), presumably the minimum achievable for an N -photon state 1 [9] . In order to study their spatial N -photon concentration behaviour, we display their various multi-photon coincidence rates 2 for a four-photon state |ψ (4) in figure 2 (which is the same as figure 7 of [11] ).
The curves in figure 2 show that the particles seem to arrive with little constraint; but in order to compare like with like we should look at the absorption rates of an equal number of photons absorbed at the same place ( = 0) or at different places ( = 0). We therefore investigate the coincidence count rates for four detectors fanning out from a common centre according to the expression
where = ξ/κ and ξ parametrizes the distance between adjacent detectors, i.e., the distance between the first and fourth 1 Assuming that the Rayleigh criterion also applies to N particle states whose de Broglie wavelength is N-fold reduced leads to a minimum spotsize of λ 2N . 2 These expressions were derived using a symbolic algebra program (Maple). They are lengthy and do not provide much insight; however, the corresponding codes including all analytical expressions plotted here can be received from the author. detector is 3ξ . Figure 3 displays the result and shows that the photons are unconstrained and can arrive far apart. Indeed the integrated marginal density (integrated over x-shown as the solid curve in figure 4 ) reveals that they are basically as little constrained as independently arriving photons (shown as the dotted curve in figure 4) . In order to determine the behaviour of independently detected photons, we simply mimic the above expression (5) by the corresponding intensity product . For a four-photon state |ψ (4) : the four-photon coincidence rates P(X, ) according to expression (5) integrated over X yields the marginal distribution P( ) in terms of the fanning-out parameter which is plotted here as a solid curve (renormalized to '1' at the origin). This is compared with the analogous expression (also renormalized to '1' at the origin) based on single photon intensities (6) displayed by the dotted curve. This confirms that the entangled photons arrive 'all over the unit cell' with just as little constraint (in this particular case even slightly less constrained) as independently detected photons. Figure 4 shows that the entangled photons arrive 'all over the screen' just as the correspondingly independently detected photons-described by the corresponding intensity product (6) . In fact, the photons' relative scatter is even a bit larger than that of the independently detected photons; the corresponding curve lies above that of the independent detection case.
Note that figure 4 only considers the case of uniform fanning out, but of course once the detectors are further from each other than the central pixel width they receive similar irradiation irrespective of their precise location. Also note that all patterns are truly periodic due to the structure of the absorption mode operatorsê introduced in equation (1) . In other words, enhanced absorption recurs at half wavelength multiples (see figures 3 and 4) across the entire beam crosssection, i.e., also when the detectors are far apart.
Summary and conclusion
On very small length scales the arrival distribution of quantum correlated but freely travelling photons is quite unconstrained. The only way to achieve photon concentration at one tiny absorption spot is by filtering away all excess signals through localized N -photon absorption. We therefore discover that in the case of quantum lithography there is a mismatch between the requirement to keep the absorbers small in order to resolve patterns with the promised N -fold increase in linear resolution and the fact that they get rarely excited when they are small.
S608

